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AESTRACT 
One shows essentially that a geometry consisting of points and circles with 
any 3 distinct points on just one circle and such that any 4 non-concyclic points 
generate an inversive plane can only be the geometry induced on an ovoid of 
a projective space or an inversive plane; if the number of points is finite one can 
have only inversive planes. 
1. Let P be a projective space and Q be an ovoid in P, for instance 
an oval hyperquadric [7]. Then Q has a well-known induced structure 
C(Q) constituted by the set of points of Q provided with all subsets of at 
least three points which are the intersection of Q with a plane of P; these 
subsets will be called circles. An immediate property of C(Q) is: any set of 
three distinct points is contained in one and only one circle. When dim 
P = 3, C(Q) is a particular case of an inversive plane [3]. Inversive planes 
have been much investigated these last years which is not the case for the 
spaces C(Q) when dim P > 3. This situation is probably due mainly to the 
fact that there are no finite ovoids in spaces P of dimension greater than 3. 
From this point of view an important exception is provided by a deep 
result of Matirer [6] concerning, in fact, more general objects than ovoids. 
A particular case of his main result is 
THEOREM I. Let A be a non-void set of points in which distinguished 
subsets called hyperspheres (Kugeln in [6]) are given. Let a sphere (Fahrte 
in [6]) be any intersection of hyperspheres. Assume 
(i) for any point p, the set A, of all spheres containing p, ordered by 
inclusion, is an a@ze space of dimension dp 3 3 whose hyperplanes are the 
hyperspheres on p; 
(ii) any pair of distinct points is a sphere. Then d, does not depend on p, 
there is a projective space P of dimension d, + 1 and an ovoid Q in P such 
that A is isomorphic to Q, an hypersphere on Q being the intersection of Q 
with an hyperplane of P containing at least 2 points of Q. 
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2. We need some definitions to present further results: 
A linear space E will be a set of points provided with subsets of at 
least 2 points called lines in which any pair of distinct points a, b is con- 
tained in one and only one line ab. A circular space E will be a set of points 
provided with subsets of at least 3 points called circles in which any set of 
3 distinct points a, b, c is contained in one and only one circle abc. If E is a 
linear (or circular) space, a linear variety (or circular variety) of E will be 
a set of points V such that any line (or circle) of E containing two (or 
three) distinct points of V’ is contained in I/. Clearly any intersection of 
varieties of E is a variety and therefore one can speak of the variety 
generated by any set of points of E. In particular, the variety generated by 
three noncollinear points (or four non-concyclic points) will be a linear 
plane (or circular plane). 
When E is a circular space and p is a point of E, the residual space E, is 
the linear space constituted by the set of points of E distinct from 
p provided with the subsets (lines) C - {p}, where C is a circle of E on p. 
If V is a circular variety of E with p E V, it is clear that V - {p} = V, is 
a linear variety of E, . But, if V’, is a linear variety of E, , the union 
V = VDu {pj is not necessarily a circular variety of E; in fact it seems to 
be a severe restriction on E to ask that V be always a circular variety 
(cf. Theorem 3). 
A circular space E will be called locally afine if for any point p E E the 
residual space E, is an affine space of dimension d 3 2 and order n > 3, 
restrictions on dimension and order being justified by results given below. 
If E is locally affine, all circles of E have the same cardinal, all residual 
spaces E, have the same order n; this number will also be the order of E. 
If E is finite of order n and E, has dimension d, E has nd + 1 points so that 
all residual spaces have the same dimension d. 
If E is a circular space whose residual spaces are affine planes, E is called 
an inversive plane [3]. An inversive plane of order n 3 3 is locally affine 
and is a circular plane generated by any of its sets of four non-concyclic 
points. 
3. The next result characterizing affine spaces as linear spaces will 
be fundamental for the proof of our main result. 
THEOREM 2 (Buekenhout [2]). Let E be a linear space all whose linear 
planes are affine planes of order 24. Then E is an afine space. 
4. Now we can state the results which constitute the purpose of 
our paper: 
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THEOREM 3. In a circular space E having more than one circle, the 
following conditions are equivalent: 
(i) any circular plane is an inversive plane; 
(ii) E is locally a#ine and if V, is a linear variety of a residual space E, 
then the union V = V, v ( p} is a circular variety of E. 
When (i) and (ii) are satisfied all residuaE spaces have the same dimension d 
(possibly infinite). 
An inversive space of dimension d will be a circular space E satisfying 
conditions (i) and (ii) and such that all residual spaces have dimension d. 
If P is a projective space of dimension d 3 3, order n > 3 and Q is an 
ovoid in P it is easy to check that C(Q) is an inversive space of dimension 
d - 1 and order n. It is known [4] that there are inversive planes which 
are not isomorphic to a space C(Q). Our main result states that this kind 
of exception is the only possible one. 
THEOREM 4. Let E be an inversive space of order n and dimension d. 
Then : 
(i) tf d > 2, E is isomorphic to a space C(Q) where Q is an ovoid qf a 
projective space P qf dimension d + 1 and order n; 
(ii) ifn isjnite, E is an inversive plane, i.e., d = 2. 
5. Proof of Theorem 3. 
(i) + (ii) (1) All circles of E have the same cardinal n + 1 since this is a 
well-known property in inversive planes. Moreover n > 2 because an 
inversive plane of order 2 is not a circular plane in the sense of this work. 
(2) If V, is a linear variety of E, and V = V, u {p}, let a, b, c be 
distinct points in V. One must prove that the circle abc is contained in V. 
Therefore it is sufficient to consider the case in which a, b, c are in V, and 
are non-collinear. Asp, a, b, c generate an inversive plane P in E, P, is an 
affine plane of order n > 3 containing a, b, c and the circle abc. In E, the 
linear variety generated by a, b, c is again P, ; so P, C V, , abc C V, and 
V is a circular variety. 
(3) One has still to prove that E, is locally affine. In E, any three non- 
collinear points generate an affine plane of order n. If n > 3 one can apply 
Theorem 2 to achieve. If n = 3, ED is a Steiner triple system. Suppose 
that E, contains more than 9 points. Then Hall’s results [5] allow to claim 
that E, has at least one linear variety V, of 27 points. By (2) E will have 
a circular variety V of 28 points. The number of circular planes contained 
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in V is 28.27.26.24110.9.8.6, which leads to a contradiction. So E has 10 
points and is locally affine. 
(ii) --f (i). If p, a, b, c are non-concyclic points, the linear variety V, 
generated by a, b, c in E, is an affine plane since n 3 3. Then 
V = V, u (p} is the circular variety generated by a, 6, c,p. To prove that 
V is an inversive plane one must show that V, has the same dimension 2 
for any x # p in V. Therefore it is sufficient to show that all residual 
spaces E, have the same dimension when (ii) is satisfied. Take two distinct 
points p, q in E and suppose 
dim E, < dim E, = d. 
In E, there is a “maximal flag” of d - 1 distinct linear varieties 
v, c v, c ... C V~-l , where V1 is a line onp, Vz a plane on V, , and so on. 
Now V,’ = Vi u (4) i = l,..., d - 1 is a circular variety containing 
p and VI’ C V,’ ... Vipl is a flag of d - 1 distinct circular varieties con- 
taining p. The residuals (Vi’), constitute a tlag of distinct linear varieties 
in E, showing that dim E, > d. 
6. Proof of Theorem 4. 
(i) Let an hypersphere be a circular variety V such that V # E and V is 
maximal for these properties. Clearly by condition (ii) of Theorem 3, V is 
an hyperplane if and only if V, is an hyperplane in E, for some point 
p E V. From the properties of affine hyperplanes we may claim that any 
circular variety of E is the intersection of all hyperplanes containing it. 
So a circular variety is exactly the same thing as a sphere in Theorem 1. 
Now conditions (i) and (ii) of Theorem 1 are satisfied and our result is 
obvious. 
(ii) This is a well-known consequence of (i) [l]. If d > 2, E has a cir- 
cular variety V of dimension 3. Then V has n3 + 1 points and contains a 
number of inversive planes equal to 
(n” + I) nyn3 - l)(n” - n)/(n” + 1) n2(n2 - l)(n” - n), 
which implies that n2 + 1 divides n + 1, a contradiction. 
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